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Abstract
We establish the connection between two fields of Topology that until now seemed to be far away
from each other, namely digital topology and the theory of generalized closed sets. In this paper
we study θ-generalized homeomorphisms, their groups and some allied concepts applied to digital
topology. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
General Topology has applications in the theory of image processing by exhibiting
algorithms, which apply current knowledge of digital spaces. The problems that might
arise are finding connected components, set boundaries or any other operations which are
needed in image processing. The well-known digital Jordan curve theorem is proved by
using a topological approach (cf. [11]). The theorem is an important one in the theory of
computer graphics.
Topologically speaking, the computer and the television screen look like a rectangular
portion ofR2 granted they are greatly magnified as revealing themselves as a rectangular or
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hexagonal array of dots. In the process of digitizing a movie, time is discretized, resulting
in a finite seeming rectangular solid in R3.
These situations are often represented by subspaces and quotients of locally finite
topological spaces, so their study is important. The basic building block of the digital
n-space is the digital line, i.e., the set Z of integers equipped with the topology K having
{{2n− 1,2n,2n+ 1}: n ∈ Z} as a subbase. In this paper we study some of its topological
properties utilizing the θ -closure operator introduced by Velicˇko [23] and the class of θ -
generalized closed sets introduced independently by Dontchev and Maki in [7] and by
Noiri in [19].
In 1990, Khalimsky, Kopperman and Meyer [11] proved, using purely digital topological
methods [11], the Jordan curve theorem on the digital plane, i.e., on the digital 2-space.
Equivalently, the digital plane is the product space of two finite COTS (= connected
ordered topological space [11]) with at least three points. The digital line (Z,K) (due
to Khalimsky [11,13]) is a typical example of COTS. A COTS with at least three
points is a T 1
2
-space [11, Proposition 2.9]. The digital line is an example of a T 1
2
-
space.
In 1970, the class of T 1
2
-spaces was defined by Levine [14]. The notion of ‘generalized
closed sets’ (= g-closed sets) was introduced as the sets whose closure is included in their
kernel. The kernel of a subset of a given topological space is the intersection of all of its
open supersets. Clearly, every closed set is g-closed. A topological space is T 1
2
if every
g-closed set is closed. In 1977, Dunham [8] proved that a topological space is T 1
2
if and
only if every singleton is open or closed.
Throughout the years, research on the field of generalized closed sets was developed by
many authors (cf. the list of the references in [6]). The theory was extensively developed in
the 1990s. Several new concepts were studied and investigated. Recently, in [6], Dontchev
and Ganster defined δ-generalized closed sets and investigated the class of T 3
4
-spaces,
which is properly placed between the classes of T1- and T 1
2
-spaces. They proved that the
digital line is an example of a T 3
4
-space that fails to be T1.
We have encountered the notions of the digital line and the digital plane, which are
applied to the theory of computer graphics [11,13], about 20 years after the start of
investigating the T 1
2
-spaces due to Levine [14].
In the first part of this paper we study two kinds of concept of ‘θ -generalized
homeomorphisms’, i.e., strongly θ -homeomorphisms and θ -gc-homeomorphisms, and
their groups in terms of a kind of ‘θ -closed sets’. In [23], Velicˇko introduced the
concept of θ -closed sets and among several concepts considered θ -homeomorphisms.
Crossley and Hildebrand [4] continued the study of generalizing the concept of a
homeomorphism. A bijection between topological spaces f : (X, τ)→ (Y,σ ) is said to
be a semi-homeomorphism [4] if both f and f−1 preserve semi-open sets, i.e., sets that
can be placed between an open set and its closure.
Generalized homeomorphisms via generalized closed sets and gc-homeomorphisms in
terms of preserving generalized closed sets were first introduced by Maki, Sundaram and
Balachandran in [17]. Every homeomorphism is a generalized homeomorphism but not
vice versa [17]. The two concepts coincide when both the domain and the range satisfy the
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weak separation axiom T 1
2
. The class of gc-homeomorphisms is properly placed between
the classes of homeomorphisms and g-homeomorphisms [17]. For more generalizations of
homeomorphisms and relations among of them, the reader may refer to [5].
In 1980, Noiri [18] introduced the concept of strongly θ -continuous functions. In [22],
Sakai proved that a function between topological spaces is strongly θ -continuous if and
only if preimages of closed sets are θ -closed. Using Noiri’s concept we first define and
study strongly θ -homeomorphisms (cf. Definition 3(i)) as the bijective functions which
are, together with their inverses, strongly θ -continuous.
Recently the class of θ -generalized closed sets was introduced independently by
Dontchev and Maki in [7] and by Noiri in [19]. A subset A of a topological space (X, τ) is
called θ -generalized closed if the θ -closure of A is included in every open superset of A,
i.e., in the kernel of A. Note that in [19], Noiri used the term ‘generalized θ -closed’.
Using θ -generalized closed sets, at last, we define the concept of θ -gc-homeomorphisms
(cf. Definition 3(ii)) and study the structure of the group θ gch(X; τ ) of all θ -gc-
homeomorphisms on a topological space (X, τ) (cf. B.1, B.2, Theorems 3.11 and 3.17).
In the second part of this paper, for the digital line (Z,K) and its nonempty subset
H , we define a subgroup θ gch(0)(Z,Z \ H ;K) of θ gch(Z;K) whose elements of θ -
gc-homeomorphisms are fixed at each points of Z \ H . In Theorem 4.8, we determine
completely the structure of θ gch(0)(Z,Z \H ;K) for a finite subset H of (Z,K). This is
the very first example of an algebraic invariant of the digital line and its subset.
Complements of θ -generalized closed sets are called θ -generalized open. As it will be
shown in this paper, the family of all θ -generalized open subsets of the digital line coincides
with the power set of the open screen of the digital line. The open screen [13] of the digital
n-space Zn is the set of all of its open elements. Knowledge of the structure of the open
screen is important for “boundary-tracking” in image processing.
In other words, our investigation is devoted to the study of all sets of the digital line,
whose complements are in the open screen and to the study of the group of all such types
of autohomeomorphisms of the digital line that preserve the subsets of the open screen and
have a fixed point on the complement of a given subset of the digital line.
2. Some preliminary definitions
Throughout this paper (X, τ) and (Y,σ ) represent nonempty topological spaces on
which no separation axioms are assumed, unless otherwise mentioned. For a subset A
of (X, τ), Cl(A) and Int(A) represent the closure of A with respect to τ and the interior of
A with respect to τ , respectively.
In 1968, Velicˇko [23] introduced the class of θ -open sets. A set A is called θ -open [23]
if every point of A has an open neighborhood whose closure is contained in A. The
θ -interior [23] of a A in X is the union of all θ -open subsets of A and is denoted
by Intθ (A). Naturally, the complement of a θ -open set is called θ -closed. Equivalently
Clθ (A) = {x ∈ X: Cl(U) ∩ A 6= ∅, U ∈ τ and x ∈ U} and a set A is θ -closed if and
only if A = Clθ (A). Note that all θ -open sets form a topology on X, coarser than
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τ , denoted by τθ and that a space (X, τ) is regular if and only if τ = τθ . Note also
that the θ -closure of a given set need not be a θ -closed set; however, it is always δ-
closed, i.e., it is always closed in the semi-regularization. Moreover, every set and its
kernel A∧ [16], i.e., the intersection of all open supersets of A, have same θ -closure.
If a set is locally dense [3] (= preopen), then the concepts of α-closure, closure, δ-
closure and θ -closure coincide. We first recall the definitions of some types of generalized
closeness.
Definition 1. A subset A of a space (X, τ) is called:
(1) a generalized closed set (briefly g-closed) [14] if Cl(A)⊆ U whenever A⊆ U and
U is open,
(2) a δ-generalized closed set (briefly δ-g-closed) [6] if Clδ(A)⊆ U whenever A⊆ U
and U is open in (X, τ),
(3) a θ -generalized closed set (briefly θ -g-closed) [7,19] if Clθ (A) ⊆ U whenever
A⊆U and U is open in (X, τ).
The family of all δ-generalized closed sets (respectively θ -generalized closed sets) of a
topological space (X, τ) will be denote by DGC(X,τ) (respectively TGC(X, τ)).
Our next definition contains some types of functions used throughout this paper.
Definition 2. A function f : (X, τ)→ (Y,σ ) is called:
(1) δ-continuous [18] if f−1(V ) is δ-open in (X, τ) for every δ-open set V of (Y,σ ),
(2) θ -continuous [9] if for each x ∈X and each neighborhood V of f (x), there exists a
neighborhoodU of x such that f (Cl(U))⊆ Cl(V ),
(3) strongly θ -continuous [18,22] if f−1(V ) is θ -closed in (X, τ) for every closed set
V of (Y,σ ),
(4) quasi θ -continuous [20] if f−1(V ) is θ -closed in (X, τ) for every θ -closed set V of
(Y,σ ),
(5) θ -g-irresolute [7] if f−1(V ) is θ -g-closed in (X, τ) for every θ -g-closed set V of
(Y,σ ),
(6) θ -g-continuous [7] if f−1(V ) is θ -g-closed in (X, τ) for every closed set V of
(Y,σ ).
For some unknown concepts the reader is referred to [6,7] and for the digital line (Z,K),
one is referred to the first paragraph of Section 4 or [11,13].
3. Groups of θ -generalized homeomorphisms
Definition 3. A bijective function f : (X, τ)→ (Y,σ ) is called:
(i) strongly θ -homeomorphism if both f and f−1 are strongly θ -continuous,
(ii) θ -gc-homeomorphism if both f and f−1 preserve θ -g-closed sets, i.e., if both f
and f−1 are θ -g-irresolute.
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Theorem 3.1.
(i) Every strongly θ -homeomorphism is a homeomorphism.
(ii) Every homeomorphism is a θ -gc-homeomorphism.
(iii) Let (X, τ) and (Y,σ ) be regular topological spaces and f : (X, τ)→ (Y,σ ) be a
function. Then:
(a) f is a strongly θ -homeomorphism if and only if f is a homeomorphism.
(b) f is a gc-homeomorphism if and only if f is a θ -gc-homeomorphism.
Proof. (i) Every strongly θ -continuous function is continuous.
(ii) Let f : (X, τ)→ (Y,σ ) be a homeomorphism. To prove that f is θ -g-irresolute,
let A be a θ -generalized closed set of (Y,σ ). Let U be an open set of (X, τ) such that
f−1(A) ⊆ U . Then, A = f ◦ f−1(A) ⊆ f (U) and f (U) ∈ σ . Since A is θ -generalized
closed in (Y,σ ), we have Clθ (A) ⊆ f (U). Then, f−1(Clθ (A)) ⊆ f−1 ◦ f (U) = U .
So, we are done if we show that Clθ (f−1(A)) ⊆ f−1(Clθ (A)). Let x /∈ f−1(Clθ (A)).
Since f is bijective, then f (x) /∈ Clθ (A). Hence there exists an open set W containing
f (x) such that Cl(W) ∩ A = ∅. Then f−1(Cl(W) ∩ A) = f−1(Cl(W)) ∩ f−1(A) = ∅,
since f is a homeomorphism. Since f−1(W) is an open set containing x , we obtain
that x /∈ Clθ (f−1(A)). Thus Clθ (f−1(A)) ⊆ f−1(Clθ (A)) ⊆ U . Hence f−1(A) is θ -
generalized closed in (X, τ), i.e., f is θ -g-irresolute. Since f−1 is a homeomorphism,
the θ -g-irresoluteness of f−1 is similarly proved as above. Thus f : (X, τ)→ (Y,σ ) is a
θ -gc-homeomorphism.
(iii) (a) Obvious, since τ = τθ and σ = σθ due to the regularity of X and Y .
(b) In a regular space, a set is θ -generalized closed if and only if it is g-closed [7,
Theorem 3.5]. By definition [17], a function f : (X, τ)→ (Y,σ ) is a gc-homeomorphism
if f is bijective and both f and f−1 preserve g-closed sets. 2
The following example shows that the reverse claim in the theorem above is not always
true.
Example 3.2.
(i) Let (X, τ) be nonregular. Then the identity function f : (X, τ) → (X, τ) is a
homeomorphism but not a strongly θ -homeomorphism, since a space is regular if
and only if τ = τθ .
(ii) We provide an example of a θ -gc-homeomorphism, which is not homeomorphism.
Let X = {a, b, c} and τ = {∅, {a}, {b, c},X}. Let f : (X, τ)→ (X, τ) be a function
defined as follows: f (a)= b, f (b)= a, f (c)= c. It is easily observed that f is
a θ -gc-homeomorphism, since TGC(X, τ) is the discrete topology on X. Now set
A= {b, c}. Note f−1(A) /∈ τ . This shows that f is not homeomorphism.
Our next results will show under what condition a strongly θ -continuous function is
a strongly θ -homeomorphism (cf. Theorems 3.5 and 3.6) but first we have the following
two lemmas. Recall that a subset A of a topological space (X, τ) is called a (countable)
H-set [23] if every (countable) cover of A by τ -open sets has a finite dense subsystem, i.e.,
a finite subfamily of the cover, whose closures cover A.
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Lemma 3.3 (Long and Herrington [15]). If f : (X, τ)→ (Y,σ ) is strongly θ -continuous,
then the image of every H-set of X is compact in Y .
Lemma 3.4 (Jankovic´ [10]). A topological space (X, τ) is Hausdorff if and only if every
compact set is θ -closed.
Recall that a topological space (X, τ) is called quasi-H-closed (= QHC) [21] if X
is an H -set in itself, i.e., if every open cover of X has a finite dense subsystem. In a
topological space (X, τ), the collection of all regular open sets forms a base for a topology
τs , coarser than τ , called the semi-regularization. When τ = τs , the space (X, τ) is called
semi-regular. A generalization of the semi-regularization was recently considered in [6].
Theorem 3.5. Let (X, τ) be semi-regular and quasi-H-closed. Let (Y,σ ) be Haus-
dorff. Then every strongly θ -continuous bijection f : (X, τ)→ (Y,σ ) is a strongly θ -
homeomorphism.
Proof. We need to show that f−1 is strongly θ -continuous. Let A⊆X be closed. Since X
is semi-regular, then A =⋂i∈I Ai , where each Ai is a regular closed subset of X. Since
every regular closed subset of an QHC space is an H-set, then Ai is an H-set for each i ∈ I .
By Lemma 3.3, each f (Ai) is compact in Y . Moreover, since Y is Hausdorff, then for each
i ∈ I, f (Ai) is θ -closed in Y by Lemma 3.4. Since the θ -open sets form a topology on X,
then f (A)=⋂i∈I f (Ai) is θ -closed in Y . Thus f−1 is strongly θ -continuous and hence
f is a strongly θ -homeomorphism. 2
A space (X, τ) is called lightly compact [2] if X is a countable H -set in itself. X is
called an E1-space [1] if every point is the intersection of a countable number of closed
neighborhoods. Clearly every E1-space is T2. If we reduce the quasi-H-closeness of X to
light compactness and increase the Hausdorff property of Y to E1, then we have a similar
result.
Theorem 3.6. Let (X, τ) be semi-regular and lightly compact. Let (Y,σ ) be an E1-
space. Then every strongly θ -continuous bijection f : (X, τ)→ (Y,σ ) is a strongly θ -
homeomorphism.
Proof. Similar to the proof of Theorem 3.5. 2
Remark 3.7. Note that every strongly θ -continuous function f : (X, τ)→ (Y,σ ) is super-
continuous, i.e., f : (X, τs)→ (Y,σ ) is continuous. If the semi-regularity of X in the two
theorems above is increased to regularity, then it is enough to assume that the function
is super-continuous. Moreover, every super-continuous function is δ-continuous. Now, if
we additionally assume that Y is semi-regular we can reduce the super-continuity to δ-
continuity.
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Properties preserved by strongly θ -homeomorphisms will be called strongly θ -topologi-
cal. In the notion of Theorem 3.1, every topological property is strongly θ -topological.
Question 1. Is there a (well-known) strongly θ -topological property, which is not
topological? In other words, identify non-topological properties which when coupled with
regularity become topological.
Recall that a θ -homeomorphism is a bijective function f : (X, τ)→ (Y,σ ) such that
both f and f−1 are θ -continuous. It is pointed out by Noiri and Popa in [20] that every
θ -continuous function is quasi θ -continuous.
Lemma 3.8 ([7, Theorem 3.26], respectively Theorem 3.23). For a topological space
(X, τ) the following conditions are equivalent:
(1) X is a T1-space (respectively T 1
2
-space).
(2) Every θ -generalized closed set is θ -closed (respectively closed).
Theorem 3.9.
(i) Let (X, τ) and (Y,σ ) be T1. A function f : (X, τ)→ (Y,σ ) is a θ -gc-homeo-
morphism if and only if f is bijective quasi θ -continuous and f−1 is quasi θ -
continuous. So, every θ -homeomorphism f : (X, τ)→ (Y,σ ) is a θ -gc-homeo-
morphism.
(ii) Let (Y,σ ) be T 1
2
. Then, every strongly θ -continuous function f : (X, τ)→ (Y,σ ) is
θ -g-irresolute.
Next, we investigate the group of θ -gc-homeomorphisms. For a topological space (X, τ)
and a subset H of X, we introduce the following families of functions:
Notation 3.10.
(B.1) θ gch(X,H ; τ )= {f | f : (X, τ)→ (X, τ ) is a θ -gc-homeomorphism satisfying
the condition f (H)=H }, and θ gch(X; τ )= θ gch(X,∅; τ );
(B.2) stθh(X,H ; τ )= {f | f : (X, τ)→ (X, τ) is a strongly θ -homeomorphism satis-
fying the condition f (H)=H }, and stθh(X; τ )= stθh(X,∅; τ ).
Theorem 3.11. Let H be a subset of (X, τ).
(i) The family θ gch(X; τ ) is a group which contains the set stθh(X; τ ).
(ii) θ gch(X,H ; τ ) is a subgroup of θ gch(X; τ ).
Proof. (i) The binary operation
µ : θ gch(X; τ )× θ gch(X; τ )→ θ gch(X; τ )
is well defined by µ(f,h) = h ◦ f (the composition of functions) for any f and h ∈
θ gch(X; τ ). By definition, θ gch(X; τ ) is a group and it contains the set stθh(X; τ ).
(ii) It is obvious from Theorem 3.11(i) and condition (B.1). 2
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Remark 3.12.
(i) The set stθh(X; τ ) is not a group in general. In fact, let X = {a, b, c} and
τ = {∅, {a},X}. The identity 1X : (X, τ)→ (X, τ) is not a strongly θ -continuous
function.
(ii) Let (X, τ) be a regular space. Then stθh(X; τ ) is a group.
We recall the following:
Lemma 3.13. Let B ⊆H ⊆ (X, τ) and let τ |H be the relative topology of H .
(i) [7, Theorem 3.16(ii)] If B is θ -g-closed in (X, τ), then B is θ -g-closed relative to
H (that is, B ∈ TGC(H, τ |H)).
(ii) [7, Theorem 3.16(i)] If B is θ -g-closed in a subspace (H, τ |H) and if H is clopen
(closed and open) in (X, τ), then B is θ -g-closed in (X, τ).
Note that a subsetH of a topological space (X, τ) is clopen if and only if H is open and
θ -closed if and only if H is open and θ -g-closed.
We recall and prepare some notation. Let f :X→ Y be a function and H a subset of X.
Let f |H :H → Y be the restriction of f to H . We define a function rH,K(f ) :H→K by
rH,K(f )(x)= f (x) for any x ∈ H , where K = f (H). Then, f |H = j ◦ rH,K(f ) holds,
where j :K→ Y is an inclusion.
Theorem 3.14. Let H and K be subsets of (X, τ) and (Y,σ ), respectively.
(i) If f : (X, τ)→ (Y,σ ) is θ -g-irresolute and if H is a clopen subset of (X, τ), then
the restriction, f |H : (H, τ |H)→ (Y,σ ), is θ -g-irresolute.
(ii) Suppose that K is a clopen subset of (Y,σ ). A function k : (X, τ)→ (K,σ |K)
is θ -g-irresolute if and only if j ◦ k : (X, τ)→ (Y,σ ) is θ -g-irresolute, where
j : (K,σ |K)→ (Y,σ ) is an inclusion.
(iii) If f : (X, τ)→ (Y,σ ) is a θ -gc-homeomorphism such that f (H) = K and if H
and K are clopen subsets, then rH,K(f ) : (H, τ |H)→ (K,σ |K), is also θ -gc-
homeomorphism.
Proof. (i) Let F be a θ -g-closed set of (Y,σ ). Since (f |H)−1(F ) = f−1(F ) ∩ H ,
H is θ -closed and f−1(F ) is θ -g-closed, (f |H)−1(F ) is θ -g-closed in (X, τ) by [7,
Theorem 3.14].
(ii) (Necessity) Let F be a θ -g-closed set of (Y,σ ). Then (j ◦ k)−1(F )= k−1(F ∩K)
is θ -g-closed in (X, τ), since F ∩K is θ -g-closed in (K,σ |K) by Lemma 3.13(i) and [7,
Theorem 3.14]. Therefore j ◦ k : (X, τ)→ (Y,σ ) is θ -g-irresolute.
(Sufficiency) Let F1 be a θ -g-closed set of (K,σ |K). By Lemma 3.13(ii), (j ◦
k)−1(F1)= k−1(F1 ∩K)= k−1(F1) is θ -g-closed in (X, τ). Therefore k is θ -g-irresolute.
(iii) First, it suffices to prove rH,K(f ) : (H, τ |H)→ (K,σ |K) is θ -g-irresolute. Let F
be a θ -g-closed subset of (Y,σ ). By Lemma 3.13(i),(
j ◦ rH,K(f )
)−1
(F )= (f |H)−1(F )= (f |H)−1(F ∩K)= f−1(F ∩K)
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is θ -g-closed in (H, τ |H) and hence j ◦ rH,K(f ) is θ -g-irresolute. By (ii), rH,K(f ) is
θ -g-irresolute. Next, we show that rH,K(f )−1 : (K,σ |K)→ (H, τ |H) is θ -g-irresolute.
Since (rH,K(f ))−1 = rK,H (f−1) and since f−1 is θ -g-irresolute, then using the first
argument above for f−1 we have (rH,K(f ))−1 is θ -g-irresolute. Therefore rH,K(f ) is
a θ -gc-homeomorphism. 2
By using Theorem 3.14(iii), for a clopen subset H of (X, τ), we have a homomorphism
called restriction, (rH )∗ : θ gch(X,H ; τ )→ θ gch(H ; τ |H) as follows:
(rH )∗(f )= rH,H (f ) for any f ∈ θ gch(X,H ; τ ).
To prove that (rH )∗ is onto we prepare the following:
Lemma 3.15 (Pasting lemma for θ -g-irresolute functions). Let (X, τ) be a topological
space such that X = A ∪ B where A and B are clopen subsets. Let f : (A, τ |A)→
(Y,σ ) and g : (B, τ |B)→ (Y,σ ) be θ -g-irresolute functions such that f (x) = g(x) for
every x ∈ A ∩ B . Then the combination f∇g : (X, τ)→ (Y,σ ) is θ -g-irresolute, where
f∇g(x)= f (x) for any x ∈A and f∇g(y)= g(y) for any y ∈ B .
Proof. Let F be a θ -g-closed set of (Y,σ ). Then (f∇g)−1(F ) = f−1(F ) ∪ g−1(F ),
f−1(F ) ∈ TGC(X, τ) and g−1(F ) ∈ TGC(X, τ) by using Lemma 3.13(ii). It follows
from [7, Theorem 3.13(i)] that f−1(F ) ∪ g−1(F ) is θ -g-closed in (X, τ). Therefore,
(f∇g)−1(F ) is θ -g-closed in (X, τ) and hence f∇g is θ -g-irresolute. 2
Theorem 3.16. If H is a clopen subset of (X, τ), then (rH )∗ : θ gch(X,H ; τ )→ θ gch(H ;
τ |H) is an onto homomorphism.
Proof. Let k ∈ θ gch(H ; τ |H). By Theorem 3.14(ii), j1 ◦ k : (H, τ |H)→ (X, τ) is θ -
g-irresolute, where j1 : (H, τ |H)→ (X, τ) is an inclusion. Similarly it is shown that
j2 ◦ 1X\H : (X \ H,τ |(X \ H))→ (X, τ) is θ -g-irresolute, where j2 : (X \ H,τ |(X \
H))→ (X, τ) is an inclusion. By using Lemma 3.15, the combination (j1 ◦ k)∇(j2 ◦
1X\H) : (X, τ)→ (X, τ), say k1, is θ -g-irresolute. It is easily shown that k1(x) = k(x)
for any x ∈ H and k1 is bijective and k−11 = (j1 ◦ k−1)∇(j2 ◦ 1X\H) : (X, τ)→ (X, τ) is
also θ -g-irresolute. Therefore, k1 : (X, τ)→ (X, τ) is the required θ -gc-homeomorphism
and (rH )∗(k1)= k holds and hence (rH )∗ is onto. 2
We define an equivalence relation R on θ gch(X,H ; τ ) as follows: fRh if and only if
f (x)= h(x) for any x ∈H . Let [f ] be the equivalence class of f .
Let H = {f | f ∈ θ gch(X,H ; τ ) and f (x) = x for any x ∈ H }. Then, H = ker(rH )∗
and this is a normal subgroup of θ gch(X,H ; τ ). The factor group of θ gch(X,H ; τ ) byH
is θ gch(X,H ; τ )/H = {fH | f ∈ θ gch(X,H ; τ )}, where fH= {µ(f, k) | k ∈H} = [f ].
Since (rH )∗ is onto by Theorem 3.16, then the relation between the groups θ gch(X,H ; τ )
and θ gch(H ; τ |H) is investigated as follows:
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Theorem 3.17. If H is a clopen subset of (X, τ), then θ gch(H ; τ |H) is isomorphic to the
factor group θ gch(X,H ; τ )/H.
Proof. By Theorem 3.16, (rH )∗ : θ gch(X,H ; τ )→ θ gch(H ; τ |H) is an onto homomor-
phism. Thus, we have the required isomorphism: θ gch(H ; τ |H)∼= θ gch(X,H ; τ )/H. 2
Theorem 3.18. If α : (X, τ)→ (Y,σ ) is a θ -gc-homeomorphism such that α(H) = K ,
then there is an isomorphism α∗ : θ gch(X,H ; τ )→ θ gch(Y,K;σ).
Proof. The isomorphism α∗ is defined by α∗(f )= α ◦ f ◦ α−1. 2
Let (X/R, τ/R) be the quotient topological space of (X, τ) by an equivalence relation
R on X and let pi : (X, τ)→ (X/R, τ/R) be the canonical projection.
In the end of this section, we investigate θ -g-continuous functions and θ -g-irresolute
functions from the quotient space to a space. A space (X, τ) is called TGO-connected [7]
if X cannot be expressed as the disjoint union of two nonempty θ -generalized closed sets.
A function f : (X, τ)→ (Y,σ ) is called θ -g-closed if f (F ) is θ -g-closed in (Y,σ ) for
every closed set F of (X, τ).
Theorem 3.19.
(i) Let F be a subset of (X/R, τ/R). If pi : (X, τ)→ (X/R, τ/R) is a θ -g-closed
function and pi−1(F ) is θ -g-closed in (X, τ), then F is θ -g-closed.
(ii) If pi : (X, τ)→ (X/R, τ/R) is closed and strongly θ -continuous and the subset F
is θ -g-closed in (X/R, τ/R), then pi−1(F ) is θ -g-closed in (X, τ).
(iii) If pi : (X, τ)→ (X/R, τ/R) is closed and strongly θ -continuous and (X, τ) is
TGO-connected, then (X/R, τ/R) is TGO-connected.
Proof. (i) (respectively (ii), (iii)) is proved by [7, Theorem 5.7(i)] (respectively [7,
Theorem 5.7(ii)], [7, Theorem 6.6]). 2
Theorem 3.20. Let f : (X, τ)→ (X/R, τ/R) be a function satisfying the property that if
xRy for x and y ∈X, then f (x)= f (y).
(i) If pi : (X, τ)→ (X/R, τ/R) is θ -g-closed and f : (X, τ)→ (Y,σ ) is θ -g-continuous
(respectively θ -g-irresolute), then the induced function f¯ : (X/R, τ/R)→ (Y,σ ) is
θ -g-continuous (respectively θ -g-irresolute).
(ii) If pi : (X, τ)→ (X/R, τ/R) is closed and strongly θ -continuous and f¯ : (X/R,
τ/R)→ (Y,σ ) is θ -g-continuous (respectively θ -g-irresolute), then f : (X, τ)→
(Y,σ ) is θ -g-continuous (respectively θ -g-irresolute).
Proof. (i) (respectively (ii)) is proved by Theorem 3.19(i) (respectively Theorem 3.19(ii)).
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4. The digital line (Z,K) and the structure of the group θ gch(0)(Z,Z \H ;K)
The digital line or the so called Khalimsky line [11,13] is the set of all integers Z,
equipped with the topology K, generated by GK = {{2n − 1,2n,2n + 1}: n ∈ Z}. The
digital line is not a T1-space but it is a T 3
4
-space [6], i.e., every nonclosed singleton is
regular open.
Let (Z,K) be the digital line and H a nonempty subset. Let us consider a bijection
f :Z→ Z such that f (x) = x for any x ∈ Z \ H . The subset H may be considered
as a 1-dimensional computer screen (i.e., 1-dimensional array of dots (= ‘pixels’)) and
θ -g-homeomorphisms may be considered as movements of ‘pixels’ which are close to
homeomorphisms and fixed outside of H . Since the θ -g-closed sets of the digital line are
completely determined (cf. Lemma 4.3 below), then it is possible to compute all θ -gc-
homeomorphisms f :Z→ Z such that f (x)= x for any x ∈ Z \H . Therefore, we have an
alternative group as follows: for a space (X, τ) and a subset H of X,
(G.1) θ gch(0)(X,X \H ; τ )= {f ∈ θ gch(X,H ; τ ) | f (x)= x for any x ∈X \H } and
h(0)(X,X \H ; τ )= {f ∈ h(X; τ ) | f (x)= x for any x ∈X \H } (shortly written
as θ gch(0)(X,X \H),h(0)(X,X \H), respectively).
Clearly, it can be shown that:
(G.2) θ gch(0)(X,X \H) is a group;
(G.3) θ gch(0)(X,X \ H) is a subgroup of θ gch(X,H) (note that θ gch(X,H) =
θ gch(X,X \H) by definition);
(G.4) h(0)(X,X \H) is a subgroup of the group θ gch(0)(X,X \H).
Lemma 4.1. Let (Z,K) be the digital line.
(i) If m is even, then Clθ ({m})= {m− 2,m− 1,m,m+ 1,m+ 2} and Cl({m})= {m}.
(ii) If s is odd, then Clθ ({s})= {s − 1, s, s + 1} = Cl({s}).
Theorem 4.2. A translation fa : (Z,K)→ (Z,K) is defined by fa(x) = x + a for any
x ∈ Z where a is an integer.
(i) The function fa is continuous if and only if the integer a is even.
(ii) fa is a homeomorphism if and only if the integer a is even.
Lemma 4.3. A nonempty proper subset A of (Z,K) is θ -g-closed if and only if its
complement Z \A contains only odd integers (that is, A contains all even integers).
Proof. (Sufficiency) Let ZE be the set of all even integers. By assumption ZE ⊆ A. If U
is an open superset of A, then ZE ⊆ U . Since U is an open subset of the digital topology,
then for every even e ∈ U , we have {e− 1, e+ 1} ⊆ U . Thus U ≡ Z. Thus A is trivially
θ -g-closed in (Z,K).
(Necessity) Let ZO be the set of all odd integers. The set A contains an even integer,
because if A⊆ ZO , thenA is open and clearlyA is not θ -g-closed, so we are done. Assume
that ZE \ A 6= ∅. Then we may choose an integer e ∈ ZE \ A such that e + 2 ∈ A or
e − 2 ∈ A. By Lemma 4.1, e ∈ Clθ (A). Then, we have e ∈ A ∪ ZO and so e ∈ A, since
A∪ZO is an open superset of A. Therefore, we have ZE ⊆ A. 2
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Corollary 4.4. A nontrivial subset of the digital line is θ -generalized open if and only if it
is a subset of the open screen of the digital line.
Example 4.5. In the digital line there exists a δ-g-closed set which is not θ -g-closed.
Hence, TGC(Z,K) is a proper subset of DGC(Z,K). Let A = {−2,0} and U =
{−3,−2,−1,0,1} ∈ K. By Lemma 4.1 Clθ (A) = {−4,−3,−2,−1,0,1,2} 6⊆ U and
A ⊆ U . This shows that A is not θ -g-closed. But A is closed and thus δ-closed, since
the digital line is semi-regular (i.e., τ = τs and τδ = τs , cf. [6, Lemma 2.1]). Hence A is
δ-g-closed.
Example 4.6. The following function f : (Z,K)→ (Z,K) is a θ -gc-homeomorphism but
it is not a homeomorphism:
f (x)=

x if x /∈ {−1,1},
1 if x =−1,
−1 if x = 1.
Since inverse images of supersets of ZE are supersets of ZE , then by Lemma 4.3, it
follows that f is a θ -gc-homeomorphism. On the other hand, f is not a homeomorphism.
Let H be a nonempty subset of the digital line (Z,K) and suppose that:
H = {o1, o2, . . . , on0, e1, e2, . . . , em0}, where oi is odd and ej is even
for i = 1,2, . . . , n0 and j = 1,2, . . . ,m0. (†)
Theorem 4.7. Suppose that a function f : (Z,K)→ (Z,K) is bijective and f (x)= x for
any x ∈ Z\H whereH is a nonempty finite set satisfying (†). Then, f ∈ θ gch(0)(Z,Z\H)
if and only if
f−1(oi) and f (oi) ∈ {o1, . . . , on0} hold for each i = 1, . . . , n0. (‡)
Proof. (Necessity) Let V = Z\ {o1, . . . , on0}. It follows from our assumption that f−1(V )
is θ -g-closed since the set V is θ -g-closed by Lemma 4.3. Hence, we have f−1(V ) =
Z \ (f−1({o1, . . . , on0}) and f−1({o1, . . . , on0}) = {o1, . . . , on0}. Therefore, the property
(‡) is satisfied. (Note that f is bijective and in the proof above it is not used that f (x)= x
for any x ∈ Z \H .)
(Sufficiency) Let V be a θ -g-closed set of (Z,K). First we claim that f−1(V ) is θ -g-
closed, i.e., ZE ⊆ f−1(V ) by Lemma 4.3.
Let x /∈ f−1(V ) be any integer. Since x ∈ Z \ f−1(V )= f−1(Z \ V ), then there exists
a y ∈ Z \ V such that y = f (x). Since ZE ⊆ V , we have that y ∈ ZO .
Case 1. y ∈ {o1, . . . , on0}. Say y = oi . Then, oi ∈ Z\V and so x = f−1(y)= f−1(oi) ∈
{o1, . . . , on0} ⊆ ZO by (‡). Then, we have x /∈ ZE .
Case 2. y /∈ {o1, . . . , on0}, that is, y ∈ Z \ H . It follows from the assumption that
x = f−1(y)= y and so x /∈ ZE .
So, in both cases, we show that for every x /∈ f−1(V ), x /∈ ZE (i.e., ZE ⊆ f−1(V )).
By Lemma 4.3, f−1(V ) is θ -g-closed. This implies that f is θ -g-irresolute. Similarly,
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we can show that f−1 is θ -g-irresolute. Therefore, f is a θ -gc-homeomorphism, that is,
f ∈ θ gch(0)(Z,Z \H). 2
Theorem 4.8. Let H be a nonempty finite subset of Z containing exactly o(H) odd
integers and e(H) even integers, where o(H) and e(H) are some positive integers. Then,
θ gch(0)(Z,Z \H) is isomorphic to the direct product group of the o(H)-symmetric group
So(H) and the e(H)-symmetric group Se(H), i.e., θ gch(0)(Z,Z \H)∼= So(H)× Se(H).
Proof. Let ZE (respectively ZO ) be the set of all even (respectively odd) integers. Let
H = HO ∪ HE , where HO = H ∩ ZO , say {x1, x2, . . . , xo(H)}, and HE = H ∩ ZE , say
{y1, y2, . . . , ye(H)}.
Let f ∈ θ gch(0)(Z,Z \ H). Then, by definition, f is bijective and f (x) = x for any
x ∈ Z \H . By using Theorem 4.7, f ∈ θ gch(0)(Z,Z \H) if and only if f is a bijection
satisfying the following properties:
(a) f (HO)=HO ,
(b) f (HE)=HE , and
(c) f (x)= x for any x ∈ Z \H .
First, there exist o(H)!-bijections from HO onto itself satisfying (a), say f1, f2, . . . ,
fo(H)!. We note that:
(d) {fi | i = 1,2, . . . , o(H)!} = S(HO), where S(HO) is the set of all bijections from
HO onto itself.
Second, we can construct e(H)!-bijections from HE onto itself satisfying the property
(b), say g1, g2, . . . , ge(H)!. We note that
(e) {gj | j = 1,2, . . . , e(H)!} = S(HE), where S(HE) is the set of all bijections from
HE onto itself.
Then, for each i and j with 1 6 i 6 o(H)!, 1 6 j 6 e(H)!, we can define a bijection
sij :Z→ Z by sij (x)= fi(x) for any x ∈HO ; sij (x)= gj (x) for any x ∈HE; sij (x)= x
for any x ∈ Z \H . Since these e(H)! × o(H)!-bijections sij satisfy (a)–(c), we have that
θ gch(0)(Z,Z \H)= {sij | 16 j 6 e(H)!, 16 i 6 o(H)!}.
We note that:
(f) sij |HO = fi ∈ S(HO),
(g) sij |HE = gj ∈ S(HE), and
(h) if scd = sab ◦ sij :H → H , then scd |HO = (sab|HO) ◦ (sij |HO) = fa ◦ fi :HO →
HO and scd |HE = (sab|HE) ◦ (sij |HE)= gb ◦ gj :HE→HE .
Let F : θ gch(0)(Z,Z \ H) → S(HO) × S(HE) be a function defined by F(sij ) =
(sij |HO , sij |HE) for any sij ∈ θ gch(0)(Z,Z \ H), where S(HO) × S(HE) is the direct
product group of S(HO) and S(HE).
We claim that F is an isomorphism. Let sij and sab ∈ θ gch(0)(Z,Z \ H) and
µ(sij , sab)= sab◦sij . Then, by (f)–(h)F(µ(sij , sab))= F(sab◦sij )= ((sab◦sij )|HO, (sab◦
sij )|HE)= (fa ◦fi, gb◦gj )= (fi ·fa, gj ·gb)= (fi , gj ) ·(fa, gb)= F(sij ) ·F(sab), where
· is the product in S(HO)× S(HE). That is, F is a homomorphism. If F(sij ) = F(sab),
then sij |HO = sab|HO and sij |HE = sab|HE . By (f) and (g), fi = fa and gj = gb , that is,
sij = sab . Thus F is injective. To prove the surjectivity of F , let (f, g) ∈ S(HO)× S(HE).
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Then, by (d) and (e) there exist bijections fi ∈ S(HO) and gb ∈ S(HE) such that fi = f
and gb = g. Then F(sib)= (sib|HO, sib|HE) = (fi , gb)= (f, g). Thus F is onto. There-
fore F is an isomorphism. Since S(HO) (respectively S(HE)) is isomorphic to So(H) (re-
spectively Se(H)), the group θ gch(0)(Z,Z \H) is isomorphic to the direct product group
So(H)× Se(H). 2
Let H be the nonempty finite set of Theorem 4.7 and f : (Z,K)→ (Z,K) be a θ -gc-
homeomorphism satisfying f | (Z \ H) = 1Z\H . Then, by Theorem 4.8, there exists a
positive integer k such that eH ! × oH ! ≡ 0 mod k and f k(x)= x for all x ∈H .
Corollary 4.9. Let H be a nonempty subset of Z and n and m positive integers. If H
contains n odd integers and m even integers and θ gch(Z,Z \H) is a finite group, then the
order of the group is divisible by n! ×m!.
Proof. Suppose that the nonempty set H contains the odd integers x1, . . . , xn and
the even integers y1, y2, . . . , ym. Set E = {x1, . . . , xn, y1, y2, . . . , ym}. Then, the group
θ gch(0)(Z,Z \E) is of order n!×m! by Theorem 4.8, and it is a subgroup of θ gch(0)(Z,Z\
H) because of E ⊆ H . Since the group θ gch(Z,Z \H) is finite by assumption, then its
order is divisible by n! ×m! (= the order of the subgroup θ gch(0)(Z,Z \E)). 2
At the end of this paper, a question that arises naturally is given. For an integer p > 2,
an equivalence relation R on Z is defined by xRy if and only if x ≡ y mod p. Let [m] be
the equivalence class of m. Then, (Z/p,Kp) denotes the quotient space of the digital line
(Z,K). Then the reader has the following:
(a) The projection pi : (Z,K)→ (Z/p,Kp) is onto continuous.
(b) If p = 2q with (q > 2), then each point [m] ∈ Z/p (0 6 m6 2q − 1) has an open
neighbourhoodU[m] that is eventually covered by pi , that is:
pi−1(U[m]) is a disjoint union of open subsets Sx of (Z,K), where x ∈ pi−1([m]),
with pi |Sx : (Sx,K|Sx)→ (U[m],K2q |U[m]) being a homeomorphism.
In fact, for even m and x ∈ pi−1([m]), U[m] = {[m − 1], [m], [m + 1]} and Sx =
{(m − 1) + 2qj,m+ 2qj, (m+ 1) + 2qj}, where x = m + 2qj and j ∈ Z; for odd m
and x ∈ pi−1([m]), U[m] = {[m]} and Sx = {m+ 2qj}, where x =m+ 2qj and j ∈ Z.
Especially, the space (Z/8,K8) is homeomorphic to the subspace (digital picture with
topology) Y8 of the product space (Z× Z,K ×K), where Y8 = ({−1,0,1} × {−1,1}) ∪
({−1,1} × {−1,0,1}). However, (Z/4,K4) is not homeomorphic to the subspace Y4 =
{(x, y) ∈ Z× Z: |x| + |y| = 1 and −1 6 x, y 6 1} in the product space (Z× Z,K ×K).
Note that in digital topology (cf. [12]), Y4 and Y8 are called the 4-neighbors of the
point (0,0) and the 8-neighbors of the point (0,0), respectively. Let Y16 = ({−2,2} ×
{−2,−1,0,1,2})∪ ({−2,−1,0,1,2}× {−2,2}). Then, the quotient space (Z/16,K16) is
homeomorphic to the subspace (Y16,K×K|Y16) and Y16 is closed in the digital plane.
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In connection with the above, an open question is:
Question 2. Is it possible to construct somewhat algebraic invariants (groups) which are
associated with digital pictures in (Z×Z,K×K)?
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